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ABSTRACT 
It is shown that a dynamical quantum group arising from a vertex-IRF transformation has a second 
realization with untwisted dynamical multiplication but nontrivial bigrading. Applied to the 
SL(2; C) dynamical quantum group, the second realization is naturally described in terms of 
Koornwinder’s twisted primitive elements. This leads to an intrinsic explanation why harmonic 
analysis on the “classical” SL(2; @) quantum group with respect to twisted primitive elements, as 
initiated by Koornwinder, is the same as harmonic analysis on the SL(2; C) dynamical quantum 
group. 
1. INTRODUCTION 
In the remarkable paper [18], Koornwinder obtained in 1993 a subclass of the 
most general, classical family of basic hypergeometric orthogonal poly- 
nomials, known as Askey-Wilson [l] polynomials, as spherical functions on the 
SL(2; C) quantum group. Koornwinder’s results have been refined (see e.g. [25], 
[12], [13]) and have been succesfully extended to higher rank (see e.g. [23], [24]), 
leading to the interpretation of Macdonald-Koornwinder polynomials [21], [17] 
as spherical functions on higher rank quantum symmetric spaces. In this paper 
we provide a natural reinterpretation for some of Koornwinder’s [18] tech- 
niques and results in terms of the trigonometric SL(2; C) dynamical quantum 
group. 
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In 1998 and 1999, Etingof and Varchenko [6], [7] introduced the notion of a 
dynamical quantum group. A dynamical quantum group is a Hopf algebroid 
obtained by twisting a Hopf algebra by a dynamical twist. Dynamical twists 
occur naturally in conformal field theory as universal fusion matrices, see e.g. 
[8]. In $3 we give the construction of a dynamical quantum group starting 
from a five-tuple (U,A, (., .), T,J(X)) with (., .) a Hopf algebra pairing be- 
tween two Hopf algebras U and A, T a finite abelian subgroup of the group- 
like elements of U and J(X) a dynamical twist for U with respect to T. The 
dynamical quantum group construction in [7] is the special case that A is the 
space of matrix coefficients of a suitable tensor category of U-representa- 
tions. 
We are specifically interested in dynamical quantum groups with associated 
dynamical twists arising from vertex-IRF transformations [5]. In statistical 
mechanics vertex-IRF transformations arise as gauge transformations relat- 
ing vertex models to Interaction-Round-a-Face (IRF) models. The notions of 
vertex-IRF transformations and dynamical twists are recalled in $2. We show 
in 53 that the dynamical quantum group arising from a vertex-IRF trans- 
formation has, besides its usual realization with twisted dynamical multi- 
plication and trivial bigrading, a second realization with untwisted dynamical 
multiplication and twisted bigrading. 
The trigonometric SL(2; C) dynamical quantum group is one of the few 
known nontrivial examples of a dynamical quantum group arising from a ver- 
tex-IRF transformation [2], [3]. We show in $4 that the alternative realization of 
the trigonometric SL(2; C) dynamical quantum group, with untwisted dyna- 
mical multiplication and twisted bigrading, can be naturally formulated in 
terms of the eigenspace decomposition of the SL(2; (IZ) quantum group with 
respect to Koornwinder’s [lS] twisted primitive elements. The key fact needed 
here is the observation of Rosengren [26] that the vertex-IRF transformation 
conjugates a standard Cartan type element to Koornwinder’s twisted primitive 
elements. 
As a consequence, we obtain an intrinsic link between Koelink’s and Ro- 
sengren’s [15] harmonic analysis on the trigonometric SL(2; C) dynamical 
quantum group and harmonic analysis on the SL(2; C) quantum group as in- 
itiated by Koornwinder [18] and extended by Noumi, Mimachi [25] and Koe- 
link [12]. Such link was predicted by Koelink and Rosengren in the introduction 
of [15] after a direct comparison of their harmonic analytic results to the cor- 
responding results in [1X], [25] and [12]. We explore this intrinsic link in some 
detail by deriving several harmonic analytic results from [lS], [25] and [12] as a 
direct consequence of the corresponding results on the SL(2; C) dynamical 
quantum group from [15]. 
Acknowledgments. A substantial part of the research was done while visiting the 
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2. DYNAMICAL TWISTS AND VERTEX-IRF TRANSFORMATIONS 
This section follows closely Etingof and Nikshych [5, $2.11, see also [4,94.1]. 
Let (U, mU, 1 u, Au, EU, Su) be a Hopf-algebra over C with multiplication 
mu, unit lU, comultiplication A,, counit EU and antipode SU. For u E Usk 
with k < n and for an ordered k-tuple {il, . , ik} c { 1, . . , n} we write i&li2...jk 
for the element of U@” obtained by mapping thejth tensor component of U@” to 
the i,th tensor component of lJan, where @ = @JC denotes the usual tensor pro- 
duct over 6. For instance, (U @ v)si = v @ 1 @ u when regarded as element in 
ua3. 
ForjE{l;... , U} we define algebra homomorphisms A, : U’” --f U’@+‘) 
and EUj : U%” 4 U@(n-‘) by letting A, and EU act on thejth tensor component. 
Similarly we define the map SUM : UN’ --f U@’ by letting the antipode SU act on 
thejth tensor component. With these notations, the Hopf-algebra identities are 
b/l 0 &I = b/2 0 47, 
(2.1) eU1 o A, = IdU = cu2 o A,, 
mu 0 Su1 0 Au(.) = eu(.)lu = mu 0 Su2 0 A,(.). 
We define the iterated comultiplication A(“-” : U + Umn inductively by Ag’ = 
IdU for n = 1 and A’,“-l) = AU, o A, WY for n E Z>i. We write A!-“(U) = 
C u(l) @ ~(2) 8 . c3 z+) for u E U. 
For a unital associative C-algebra L we denote UL = L 18 U for the Hopf al- 
gebra over L obtained by extending the Hopf-algebra maps L-linearly. We keep 
the notation 1~ for the unit of UL and m U, AU, EU and SU for the L-linear ex- 
tended Hopf algebra maps of UL. 
Let Ux be the multiplicative group of invertible elements in U. The group-like 
elements 
is a subgroup of Ux since SU(U) is the inverse of a group-like element U. Let 
T C G(U) be a finite abelian subgroup and write ? for the character group of 
T. The value of a character CP E ? at t E T is denoted by t”. 
We suppose that U is ad( T)-semisimple, where 
ad(u)v = ~q)vWy2)), u,vt u 
is the analogue of the adjoint action. Consequently, U is F-graded, 
u = @ U[cx] 
CECT 
with U[ai] the elements u E U satisfying ad(t)u = t”u for all t E T. Since T is 
abelian we have T C U[O]. Furthermore, for (Y, ,6 E ? with a f 0, 
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The primitive idempotents of Tare 
To = #T IET t- t E u 2 a (a E q. 
Their basic properties are 
c, r-y = lu, trra = t%, = 7r,t, zm, = 7r,+pu 
*/ET 
fortET,uE U[P]anda,pE?,and 
flcYnp = 4Y,pa, AU(G) = c T/I @ ~~-a, 
/32 
Ql(%) = &,O> &J(%) = x-a 
for a, p E 5; with &p the Kronecker delta function on ? x F. 
Let F be the @-algebra of complex valued functions on ? and set K = F @ F. 
An elementf E K is denoted byf(X, p) = cjfj(X) @G(p), with&,$ E F. The 
variables X, p E ? thus indicate the dependence in the first and second tensor 
component of K = F @F, respectively. In particular, we have the subalgebras 
Fl and Fz of K consisting of elements f(x) =f @ 1 and g(p) = 1 @g, respec- 
tively. Similar notations will be used for elements in UK, U,V, and u&. 
For u(X, CL) E Up andj E { 1,. . . , n} we denote 
u(X zt ho’), p) = c 24(X f a!, p)7raj E up, 
CYET 
We are now in a position to give the definition of a dynamical twist, see [5, Def. 
2.31. 
Definition 2.1. (i) We say that u E UF is of zero T-weight if 
[u > At-‘)(t)] = 0, ‘v’ttET. 
(ii) An invertible element J(X) E 17:: is called a dynamical twist with respect 
to T ifJ(X) is of zero T-weight satisfying 
(2.2) 
w(J(X)) = lu = m(J(X))r 
&,n(J(A))Jl,(~ + hc3)) = &n(J(A))Jz(A). 
Observe that UK[O] is the set of zero T-weighted elements in UK, and 
@,E;K 8 U[CI] @ U[-cx] is th e set of zero T-weighted elements in Ufj2. 
Example 2.2. Suppose U is the Drinfeld-Jimbo quantized universal enveloping 
algebra of a complex semisimple Lie algebra. A dynamical twist J(X) then 
naturally arises as the universal fusion matrix of U, see [8] and [20]. 
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Definition 2.3. Let x(X) E U,, be invertible and suppose that e~(x(X)) = 1. rf 
x(X) is of zero T-weight then x(X) is called a gauge transformation with respect to 
T. 
Gauge transformations can be used to “gauge” dynamical twists, see [5, $2.11. 
Lemma 2.4. Let J(X) E iIJ!f be a dynamical twist and x(X) E UF, be a gauge 
transformation with respect to T. Then 
P-3) J,(X) = Au(x(X))J(X)x;l(X)x;l(X + h12)) 
is a dynamical twist with respect to T. 
On the other hand, a dynamical twist “almost” gives rise to a gauge transfor- 
mation, cf. [7, $4.21, [4,94.3] and [8, Lem. 2.121. 
Lemma 2.5. Zf J(X) E ZJF: is a dynamical twist with respect to T, then 
KJ(X) = mu (Sul (J(X))), QJ(x) = mU(SU2(Jp1(X))) 
are of zero T-weight and satisfy 
(2.4) QJ(X + h)Z@(X) = lU, 
where @(X f h) = C,,, QJ(X f a)7rTT,. 
Proof. The only nontrivial part of Lemma 2.5 is (2.4), which follows from ap- 
plying mu o (mu @ Idu) o Su2 to the reformulation 
b(J(4) = &,(J(4)J2$)JG1(~ + hc3)) 
of the second equality of (2.2), and by using (2.1) and the first equality of 
(2.2). 0 
If UF, does not have zero divisors, then it follows from Lemma 2.5 that KJ(X) 
and QJ(X) are gauge transformations with respect to T, and that 
(KJ)-‘(A) = QJ(A + h). 
In the following definition we generalize the notion of a gauge transforma- 
tion by weakening the zero T-weight property of gauge transformations, cf. [5, 
Def. 2.61. 
Definition 2.6. Let x(X) E UF, be invertible and suppose that eo(x(X)) = 1. We 
say) that x(X) is a vertex-ZRF transformation with respect to T tf 
(2.5) &(,A) = Au(x(x))x,‘(X)x,‘(X + hC2)) E UF; 
is of zero T-weight. 
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A vertex-IRF transformation still gives rise to a dynamical twist, see [S, Prop. 
2.51. 
Proposition 2.7. If x(X) E U,, is a vertex-IRF transformation with respect to T 
then jX(X) E UF,? is a dynamical twist with respect to T. 
For a gauge transformation x(X), Proposition 2.7 is a special case of Lemma 
Key examples of vertex-IRF transformations arise in the theory of exactly 
solvable lattice models as gauge transformations relating vertex models to In- 
teraction-Round-a-Face (IRF) models, see e.g. [9] and references therein. 
We end this section by considering the special case of quasi-triangular Hopf- 
algebra’s U. In that case the Hopf algebra U has a universal R-matrix 
R E U @ U, which is invertible and satisfies 
A$‘() = RA&)R-I, Au1 (R) = Rdb, A,,(R) = R&12, 
with AT(u) = (Au(u)),, the opposite comultiplication. In particular, R sat- 
isfies the quantum Yang-Baxter equation (QYBE) 
RnR13&3 = RdhR12 
in UB3. Gauging the universal R-matrix by a dynamical twist leads to a solution 
of a dynamical version of the quantum Yang-Baxter equation. The precise re- 
sult is as follows, see [3, $31. 
Proposition 2.8. Let J(X) E lJ;f be a dynamical twist with respect to T. Then 
(2.6) RJ(X) = JP1(X)Rz~J2~(X) E U;; 
satisfies 
(2.7) Rf2(X + h’3’)Rf3(X)R;3(X + h(l)) = Ri3(X)R;,(X + h(2))Rf2(X). 
As Koornwinder emphasizes in [19], the proof of Proposition 2.8 is a direct 
consequence of the identities 
(2.8) 
J& + h(3)).U1(RJ(X))J12(X) = Rj(X)R:,(X + hC2)), 
J&X)A.,(R”(x))J,,(x + h(l)) = Rf2(X + hC3’)Ri3(X) 
which are dynamical analogues of Anl(R21) = R32R31 and Au2(R21) = R21R31 
respectively. 
Definition 2.9. Equation (2.7) is called the dynamical quantum Yang-Baxter 
equation (DQYBE). A solution R(X) E UF, @2 is called a dynamical universal 
R-matrix. 
The DQYBE is also known as the Gervais-Neveu-Felder equation, and is 
closely related to Baxter’s star-triangle relation, see e.g. [ll] and [9]. 
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Example 2.10. In the setup of Example 2.2, U is quasi-triangular, and the uni- 
versal R-matrix RJ(X) associated to the universal fusion matrix J(X) is the 
universal exchange matrix of U, see [S] and [20]. 
The complete integrability of vertex models and IRF models are governed by 
the quantum Yang-Baxter equation and Baxter’s star-triangle identity, respec- 
tively. For quasi-triangular Hopf-algebras U with vertex-IRF transformation 
.X(X), Proposition 2.8 shows that these basic integrability conditions are inter- 
related by twisting the corresponding universal R-matrix R of U with the dy- 
namical twistj,(X). Note that the corresponding universal dynamical R-matrix 
R+) = j,-l (X)&I (j&l (A) can alternatively be written as 
(2.9) @(A) = XI (A + ~(‘))x*(X)R~~X~‘(X)XZ’(X + A(‘)), 
see [5, Cor. 2.111. 
3. DYNAMICAL QUANTUM GROUPS 
Etingof and Varchenko [6], [7] gave a general construction of a Hopf algebroid 
starting from a given nondegenerate, polarized Hopf algebra U and a suitable 
tensor category of U-representations. The notion of a Hopf algebroid is closely 
related to weak Hopf algebras and quantum groupoids, see [5]. The constructed 
Hopf algebroids are modeled on the space of matrix coefficients of the U-rep- 
resentations from the given tensor category. The Hopf algebroid structures are 
governed by the fusion matrices of U, or, when U is quasi-triangular, by the 
exchange matrices for U. These Hopf algebroids are called exchange dynamical 
quantum groups, or simply dynamical quantum groups. A different, but 
closely related construction was given in [4, $4.31. 
In this section we give the construction of dynamical quantum groups in a 
slightly different setup. The input data is a five-tuple (U, A, (., .), T, J(X)) with 
U and A Hopf algebras, with (., .) a Hopf pairing between U and A, with T c 
G(U) a finite abelian subgroup such that U is ad( T)-semisimple and such that 
A is (T - T)-semisimple with respect to the left and right regular U-action on 
A, and with J(X) E UFf- a dynamical twist for U with respect to T. 
The resulting Hopf algebroid A” is now modeled on the space AK = K @ A. 
We study AJ in more detail when the dynamical twist J(X) arises from a vertex- 
IRF transformation. 
3.1. Hopf algebroids 
This subsection follows closely [7, $3.11, see also [15, 52.11, [4, $2.21 and refer- 
ences therein. 
Let ? be the character group of some finite abelian group T, with group op- 
eration written additively. Let F be the unital C-algebra of complex valued 
functions on ?. We denote 1~ for the unit of F. Translation over CI: E ?, 
&f)(x) =f(X+a), f t F, 
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defines an automorphism of F. 
Definition 3.1. A T-algebra is a complex associative algebra A with unit 1~ which 
is ?-bigraded, 
and which is endowed with two unital algebra embeddings ,LL~ = pf, pL, = pf : F + 
A00 satisfying 
PZV) O P&T) = P&T) O Pm, 
PZV) oa = vG”d), 
am oa = aopL,(Td) 
forf,g E Fanda E A,p, where o denotes the multiplication of the algebra A. The 
algebra embeddings pt and pr are called the left and right moment maps of A, re- 
spectively. 
A morphism 4 : A -+ B between T-algebras A and B is an algebra homo- 
morphism satisfying 
4&p) C Bcxp> 4(&f,> = &If)> &b.f)) = d(f) 
foro!,pE?andf EF. 
Example 3.2. The formal #?-dimensional F-vector space I = $,,; FT, is a 
unital, associative @-algebra with multiplication CfT,) o (gTp) = df( T,g)) T,+p 
and unit TO. It naturally acts on F as difference operators on i^; with coefficients 
from F. The algebra 1 is a T-algebra with (a, P)-bigraded piece 
Icy@ = C 
0 when a$@, 
FT-, when a=p 
and moment maps pi(f) = &f) =fTo. 
Any T-algebra A has the structure of a (F - F)-bimodule, 
f*a*g= df)oh4g)oa, f,g E F, a E A. 
The bigraded pieces A,p C A are (F - F)-submodules. We define the tensor 
product of two T-algebras A and B by 
A&‘= @ (A &3)ai?’ (A G”),,,? = @Acry @F B,p. 
%PET -/ET 
The balancing condition for the tensor product thus is (p,(f) o a) @.F b = a @F 
(,qcf) o b) for f E F, a E A,, and b E A,p. Then A 6B becomes a T-algebra 
with multiplication 
(a 8~ b) o (a’ @F b’) = a o a’ @‘p b o b’, 
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with unit lA gF lB, with (Q, /?)-bigraded piece (A c%&)~~ and with moment 
maps 
PAT) = Pj‘v) @F lB> PLY(~) = 1A @F $cf). 
We define for two morphisms 4 : A + A’ and 1c, : B + B’ of T-algebras a 
morphism 4 &JJ : A 6A’ + B &B’ by the usual formula 
It is now straightforward to check that the category of T-algebras is a tensor 
category with tensor product 6, unit object I, the obvious associativity con- 
straint and unit constraints 1~ : I GA -+ A, rA : A &I 4 A given by 
IA VT-cr @F a) = P;4 v) O a, rA(a @~fT-p) = P!cf) 0 a, f E F, a E A,p. 
In the remainder of the paper we use the unit constraints to identify the T-al- 
gebras Z @A and A @I with A. 
Definition 3.3. A T-bialgebroid is a T-algebra A equipped with two morphisms 
n : A ----) A GA and 6 : A -+ I satisfying thefamiliar coalgebra axioms 
(A &dA)A = (IdA &A)A, (E &Id,) A = IdA = (IdA &)A. 
The definition of a T-Hopf algebroid is a bit more subtle. Suppose A is a T-al- 
gebra and suppose that 4 : A + A is a C-linear map satisfying 
GG~T 0 4 = 4(a) 0 PAZ), 4(ao df)) = df) 0 4(a) 
for a E A and f E F. Let $ : A + A be a morphism of T-algebras. Then there 
exist unique C-linear maps, denoted suggestively by rn(4 8 $J), m($ 18 4) : 
A @A 4 A with m the multiplication map of A, such that 
m(d) @ $)(a @F bl = d)(a) o+(b), 
for a E A,, and b E A,p. 
m(+ @ 4>(a @F b) = $(a) 0 4(b) 
For a difference operator a E I we denote alF E F for the function obtained 
by applying a to the constant function 1~ E F. In other words, alF = c, aCY(X) 
when a = C, a,(x) T-,. The following definition of an antipode is from [15, 
Def. 2.11. 
Definition 3.4. An antipode Sfor a T-bialgebroid A is a C-linear map S : A + A 
satisfying 
S(~.,cf) 0 4 = S(a) 0 df), S(a 0 d.0) = df) 0 S(a) 
for f E F and a E A and satisfying the antipode axioms 
m(IdA @ S)(A(a)) =, h(da)lF), m(S@ IdA) (A(a)) = pL,(Td4a)lF)) 
for a E Aolo. The pair (A, S) is called a T-Hopf algebroid. 
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Definition 3.5. A morphism C$ : A + B of T-Hopf algebroids A and B is a T-al- 
gebra morphism satisfying 
e?($(a)) = c4(a), &(4(a)> = (4 @$> (AA(a)>, Sf3(4(a)) = 4@4(4) 
for a E A. 
For T = { 1) the trivial group, the definition of a T-Hopf algebroid reduces to 
the familiar definition of a Hopf algebra over C. 
3.2. The higraded Hopf algebra 
Let U be a Hopf algebra over @ as considered in $2. Let (A, mA, lo, AA, EA, SA) 
be a Hopf algebra over C and suppose that there exists an Hopf-algebra pairing 
(., .) : U x A + @ between U and A, which we fix once and for all. Then 
for u E U and a E A defines a (U - U)-bimodule structure on A. We call (3.1) 
the left and right regular action of U on A, respectively. 
Example 3.6. Take A = U* the Hopf-algebra dual of U with Hopf algebra 
pairing 
u E U, a E U*. 
The associated (U - U)-bimodule structure on U* is the regular action 
(u . a. u’)(v) = a(u’vu), a E U*, 24, u’, v E U. 
Let T C G(U) be a finite abelian subgroup such that U is ad(T)-semisimple, 
cf. $2. Recall that K = F @ F with F the algebra of complex valued functions on 
p. We extend the Hopf-algebra maps of U and A K-linearly to arrive at Hopf 
algebras UK and AK over the C-algebra K respectively, cf. 92. We denote ab = 
mA (a @ b) for the multiplication of the two elements a, b E AK in the K-algebra 
AK. The extended comultiplication AA can be viewed as map AA : AK + 
AK @K AK as well as map AA : AK + K @ A 8 A via the canonical identifica- 
tion AK @K AK N A, @2 = K @ A 18 A. We extend the (U - U)-bimodule struc- 
ture K-linearly to a (UK - UK)-bimodule structure on AK. The actions are 
given by the formula (3.1), with the Hopf pairing (., .) extended K-bilinearly to a 
Hopf pairing between UK and AK. Similarly, we have a componentwise exten- 
sion of the bimodule structure on AK to a (Up - Up)-bimodule structure on 
ABn K’ 
In the following lemma we list some basic properties of the regular UK-ac- 
tion on AK. The straightforward proof is left to the reader. 
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Lemma 3.7. The (UK - UK)-bimodule structure on AK has the followingproper- 
ties: 
u. IA . v = EU(U)tU(V)lA, 
u.mA(a~~b).v=mA(nu(u).(a~Kb).nu(v)), 
(34 
AA(u.a.v) =q.nA(a).vl, 
44(a) .UZ = ul &(a), 
EA(U . a) = EA(a. u), 
u &(a) v = S,4(Su(v) a. Su(u)) 
,for u, v E UK and a E AK. 
We assume from now on that A is (T - T)-semisimple, 
with A[a, /?I consisting of elements a E A satisfying t . a = toa and a t = Pa for 
all t E T. Note that IA E A[O,O] by the first equality of (3.2). The direct sum 
decomposition (3.3) defines a ?-bigrading of A due to the second equality of 
(3.2). 
Note that the primitive idempotents rra E U (a: E ?) of Tact on A by 
r, a ~b = &,b 43,, a, a E AK[Y;~] 
and that the ?-bigrading of A is compatible with the ?-grading of U; 
UH.AP,YI C~P,Q+YI> ~K4~l~W ~A[P-Q,TI. 
Lemma 3.7 implies that the ?-bigrading of AK is compatible with the Hopf-al- 
gebra maps of AK. 
Corollary 3.8. Let 01, ,~3 E ?. Then 
t~(A~[ck, j3]) = (0) unless Q! = /3; 
&(AK[~]) c: AK[-/%--a]. 
The straightforward proof of Corollary 3.8 is left to the reader. 
3.3. The dynamical quantum group AJ 
The constructions in this subsection are motivated by the dynamical quantum 
group constructions of Etingof and Varchenko [7, 541 and Etingof and Nik- 
shych [4, 94.31. Since the proofs in this subsection are quite analogous to the 
ones in [7, $41, we only indicate their main steps. 
We keep the conventions and notations of the previous subsection. We fix a 
dynamical twist J(X) for U with respect to T. 
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Lemma 3.9. The C-vectorspace AK is a T-algebra with multiplication 
m”(a(.h PL) @ b(A P)) = mA(-$L) . (,(A + Q, P + D) @ b(.h P)) . J-‘(X)) 
for a(X, p) E AK a_ndb(X, p) E AK[CY, p], with unit lo, with (CY, ,B)-bigradedpieces 
AK[Q, ,O] (a, p E T) and with moment maps 
df) =f(x)lA> !d) =fb)lA 
forf E F, where (recall)f(X) = f @ 1~ E K andf(p) = 1~ @f E K. 
Proof. The fact that J(X) is of zero T-weight implies that AK = @QAK[CLI, p] 
defines a ?-bigrading with respect to the new multiplication mJ. The second 
line of (2.2) implies the associativity of mJ. The first line of (2.2) implies that 1~ 
is the unit element with respect to mJ. The axioms for the moment maps are 
straightforward. 0 
We call mJ the J-twisted dynamical multiplication on AK. We write AJ for the 
C-vectorspace AK, viewed as T-algebra by Lemma 3.9. The following pro- 
position provides the link between the T-algebra AJ and the Faddeev-Re- 
shetikhin-Takhtajan (FRT) type construction of dynamical quantum groups. 
Proposition 3.10. Suppose U is quasi-triangular with universal R-matrix R. Let 
RJ(X) (see (2.6)) be the corresponding dynamical universal R-matrix. Then 
mJ(RJ(p). (a@b)) =mJ((b@a) ‘R:,(X)), Va,b E A c AJ, 
where we use the convention that the p and X dependence of the action of the dy- 
namical universal R-matrices end up in the second tensor component. In other 
words, 
mA(~(p)~~(p>. (a@ b) . J-‘(X)) = 
mA (J(P) . (b @ a) . R& (A) J-’ (A)), Va,bEA 
Proof. This follows directly from the well known FRT type commutation re- 
lations 
(3.4) mA(Rzl.(b@a)) =mA((a@b).R) 
fora,bEA. 0 
Let AKGFAK be the C-linear vector space defined by taking the tensor product 
over F with respect to the balancing condition Cf(p)a)GFb = aGFCf(X)b) for 
f E F and a, b E AK. The restricted tensor product AJ6AJ naturally identifies 
as C-vectorspace with the subspace 
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be the unique @-linear map satisfying r@(X) @g(p) @ a (8 b) = 
(f(A)a)gF(g(p)b) forf,g E F and a, b E A. 
Proposition 3.11. The T-algebra AJ is a T-bialgebroid with coalgebroid maps A : 
AJ --+ AJ &AJ and E : AJ -+ I defined by 
A(a) = 7(&(a)), 
E(a) = T-, (mF(c4 (a))) T-, 
for a E A&x, /3], where mF : K = F @ F 4 E mFcf(x) @ 8&L)) =f(A)dA) is the 
multiplication map of the C-algebra F. 
Proof. Corollary 3.8 implies that the image of n is contained in AJ6AJ and 
that A and E preserve the ?-bigrading. The maps E and A are clearly compatible 
with the moment maps. To prove that E : AJ + I and A : AJ --f AJ@AJ are 
morphisms of T-algebras it thus remains to show that they are algebra homo- 
morphisms. This follows from the compatibility of the counit EA and comulti- 
plication AA with the (UK - UK)-action on AK, see Lemma 3.7. The remainder 
of the proof is straightforward. 0 
In the following proposition we define an antipode SJ for the T-bialgebroid AJ 
using the two zero T-weighted elements KJ and @ of UK associated to J, see 
Lemma 2.5. 
Proposition 3.12. The T-bialgebroid AJ is a T-Hopf algebroid with antipode SJ : 
AJ + AJ de$ned by 
(3.5) SJ(a(k II)) = SA (KJ(X - P) . a(p - a, X - P) . QJb)) 
for a(& p) E AK[Q, ,O]. Inparticular, 
(3.6) SJ(a) = SA (KJ(X - h) a. QJ(p)) ‘daEA. 
Proof. Lemma 3.7 and the fact that KJ and QJ are of zero T-weight imply that 
SJ(&b, PI) C Ad-P, -4. 
A straightforward computation then shows that the linear map SJ : AJ 4 AJ 
defined by (3.5) satisfies the required compatibility conditions with respect to 
the moment maps of AJ. Hence it suffices to prove the antipode identities for 
a E A c AJ. The required antipode identities then reduce to 
mJ(Id,J @ S”) (A(a)) = eA(a)lA = mJ(SJ @I Id,J) (A(a)), 
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which can be proven by direct computations using Lemma 3.7, the antipode 
axioms for U and (2.4). 0 
Definition 3.13. Wecallthe T-Hopfalgebroid(AJ = CB~,PAK[(Y, p], mJ, IA, A, E, SJ) 
the dynamical quantum group associated to thejve-tuple (U, A, (., .), T, J(X)). 
Remark 3.14. Associated to the four-tuple (U, A, (., .), T) we always have the 
trivial dynamical quantum group A’, whose associated dynamical twist is the 
unit element 1 = 1 UE~ E UK . @’ The multiplication and antipode of A’ are 
m’ (a(& PU) @ b(k P)) = mA (4X + a, P + PI @ b(A PI>, 
s1 (W, PL)) = SA (Q - a’, x - P>) 
for a(& p) E A’ and b(X, p) E AK[CK, p], which are the trivial dynamical exten- 
sions of the multiplication and antipode of A. 
3.4. Gauge equivalent dynamical quantum groups 
Let x(X) E U,, be a gauge transformation and J(X) E UFf a dynamical twist 
with respect to T. Recall that the corresponding gauged dynamical twist is 
given by 
JJX) = AU(x(X))J(X)x,‘(X)x~‘(X + hC2)) E U;;. 
Proposition 3.15. The dynamical quantum groups AJ and AJx are isomorphic. The 
corresponding T-Hopf algebroid isomorphism 4X : AJ -+ AJx is 
Proof. _Since x(X) is of zero weight, we have &-(AK[Q:,/~]) = AK[cx,/~] for 
a,P E T. The fact that EU(X(X)) = 1 implies &(l~) = 1~. It follows now di- 
rectly that & respects the moment maps. The map c+& is an algebra homo- 
morphism since for a E A and b E A[a, fi], 
$,(mJ(a @ b)) = x(p) . (mA(J(p) . (a 69 b) . J-‘(x))) . x-l (A) 
= mA(&(x(P))J(p) . (a c3 b) . J-‘(Wb(x-‘(4)) 
=mA(&(p) . (x(p+p) .a.x-l(X+a) @xx(~) .b.x-‘(A)) .J;‘(x) 
= mJx(c&(a) @&,(b)), 
hence & is an isomorphism of T-algebras. The proof that & is an isomorphism 
of T-Hopf algebroids follows from Lemma 3.7 by direct computations. We give 
the computations for the comultiplication and the antipode. For the compat- 
ibility of C& with respect to the comultiplication we compute for a E A, 
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For the compatibility of qSX with respect to the antipode we first note that 
I&(X) = S&‘(X - h))KJ(x)x-‘(A), 
@(A) = x(X - h)QJ(A)Su(x(A)). 
For a E A[a, p] we then have 
&&~~(a)) = X(/J) . SA (KJ(X - P) a Q%cL)) .x-l (A) 
= s~(&,r(x-~(X))K~@ - PI . a. QJW%M~))) 
= SA (I@+/ - p)x(x - p) . a. X-l (P - Q),‘~(,,) 
= sJx (&(4), 
as desired. q 
3.5. The dynamical quantum group associated to a vertex-IRF 
transformation 
For a vertex-IRF transformation x(X) E UF, with respect to T we define 
Note that in general Aip f AK[CX, p] since x(X) is not necessarily of zero 
T-weight. We define a T-Hopf algebroid structure on AK such that AK = 
C&J&‘& is the associated ?-bigrading. Recall the dynamical twist 
&?(A) = nci(x(x))x,‘(x)x;l(X + h (2) ) 
associated to the vertex-IRF transformation x(X). 
Theorem 3.16. Let x(X) E UF, be a vertex-IRF transformation with respect to T. 
a. The C-vectorspace AK is a T-Hopf algebvoid with multiplication 
mx(4A PI @ b(& ~1) = mA (4X + Q, P + PI 8 b(h PI), b(& P) E A$; 
with unit lA, with (01, ,B)-bigradedpieces AgOfor Q, /3 E T, with moment maps 
df) =f(A)lA, Prcf) =f(PL)lA, f E F: 
with comultiplication n = r o AA, with counit 
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~‘(4 = L&&&4)) T-a, a E A$ 
and with antipode 
We write AX for AK viewed as T-Hopf algebroid in this way. 
b. The map 4, : A” -+ Ajx defined by 
G&(4 = X(P) . a x-l (4, a E A” 
is an isomorphism of T-Hopf algebroids. 
Proof. There is a unique T-Hopf algebroid structure on AK turning the K-lin- 
ear isomorphism c,& : AK -+ dX, defined by &(a) = x(p) a. x-l(X), into an 
isomorphism of T-Hopf algebroids. A direct computation, which is similar to 
the proof of Proposition 3.15 for the special case that J(X) = 1 is the trivial dy- 
namical twist, proves that the resulting T-Hopf algebroid structure on AK is 
defined by the explicit formulas as given in part a of the theorem. q 
For x(X) a gauge transformation with respect to T we have A’ = A” 1: kx as T- 
Hopf algebroids, with A’ the trivial dynamical quantum group associated to 
(U, A, (., .), T), cf. Remark 3.14. In case of a vertex-IRF transformation x(X) 
the bigrading of AX is a nontrivial twisting of the trivial bigrading of A’, but the 
remaining T-Hopf algebroid structures of AX have the same untwisted form as 
the T-Hopf algebroid structures of A’. 
4. ASKEY-WILSON POLYNOMIALS AND THE sL(2) (DYNAMICAL) QUANTUM 
GROUP 
The work of Babelon [2] (see also [3]) implies that the trigonometric SL(2; C) 
dynamical quantum group arises from a vertex-IRF transformation. In this 
section we describe the two different realizations of the SL(2; C) dynamical 
quantum group (due to Theorem 3.16), leading to an intrinsic link between the 
work of Koelink, Rosengren [15] on the trigonometric SL(2; C) dynamical 
quantum group and the work of Koornwinder [18], Noumi, Mimachi [25] and 
Koelink [12], [13], [14] on the SL(2; C) quantum group. The important addi- 
tional property of the vertex-IRF transformation which is needed here is Ro- 
sengren’s [26] observation that the vertex-IRF transformation conjugates the 
T-action to an action by Koornwinder’s [18] twisted primitive elements (the 
explicit identification of Rosengren’s [26] generalized group element with Ba- 
belon’s [2] vertex-IRF transformation is an unpublished observation of Ro- 
sengren, see also the introduction of [15]). 
We fix a deformation parameter q E C* with 141 < 1. Let qi be a fixed choice 
of square root of q. 
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4.1. The SL(2) quantum group 
Let U = U,(sZ(2)) be the unital associative C-algebra with generators k&t, ej f 
and relations 
kk-’ = k-‘k = 1, 
ke = qek, kf = 856 
ef-fe=TIi:12. 
The algebra U is a Hopf-algebra with comultiplication 
&(k*‘) = k*’ 8 k*‘, 
Au(e) =k@e+e@k-’ 
&C’j-) =k@f+f@k-‘, 
with counit 
cu(kil) = 1, eU(e) = E&“) = 0 
and with antipode 
&(k*‘) = kfl, SU(e) = -q-‘e, &a-) = -d-. 
Wetake T={kmImEZ}cG(U) as abelian subgroup of the group-like ele- 
ments in U. The role of the character group T^ is taken over by the integers .Z, 
viewed as characters of T by 
(k”)” = qmol12, m, a! E Z. 
Note that U is ad(T)-semisimple with spectrum contained in 2Z. 
The type 1 irreducible, finite dimensional U-representations are param- 
etrized by Z&J For nz E Z>e the corresponding spin 5 representation V, is a - - 
m + l-dimensional representation with basis vr (r = -m, 2 - m, . . . , m - 2, m) 
and action 
evy = 
J(q-f(m+‘+2) _ &m+r+2) ) (q-fwr) - q+,) 
4-l -4 Ct2, 
f vy= 4 
q-++‘) _ ,&?l+r’) (q-&w+2) _ q;(m-r+2)) 
4-l -4 VT2 
where I$+~ = Cm-z = 0 by convention. Type 1 refers to the fact that the mod- 
ules V,, are T-semisimple with spectrum contained in Z’. We denote (., .) : V, @ 
V, + C for the bilinear pairing such that (~7, q) = a,,. Then 
(4.1) (xv, w) = (v, Xf,), x E u; v, w E V, 
with f : U + U the unital C-linear antiinvolution determined by 
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&*I)$ = k*‘, et =f, fl = e. 
Allowing suitable completions, U is a quasi-triangular Hopf algebra. We de- 
note R by the corresponding Drinfeld universal R-matrix. Its action on Vi @ Vi 
is given by the matrix 
(4.2) Rlv,Bvl = q-4 
0 0 oq 
with respect to the ordered basis {vi @ vi, vi 18 v!, , v’i @ vi, vii @ v?i}. 
The quantized function algebra A = A4[SL(2)] is the Hopf-subalgebra of the 
Hopf-dual U” spanned by the matrix coefficients of the finite dimensional type 
1 U-representations. The Peter-Weyl decomposition of A is 
A = 6 W(m), 
m=O 
IV(m) = spanc{tE(.) ) r,s = -m, 2 -m, . . . ,m - 2,m}, 
where c is the matrix coefficient c(.) = (. vr, $7) E A[r, s]. The Peter-Weyl 
decomposition is the irreducible decomposition of A, viewed as (U - U)-bi- 
module. Clearly A is (T - T)- semisimple. Its (CX, P)-bigraded piece A[a, p] is 
nonzero when QI and ,6 are integers having the same parity. 
The Hopf-algebra A is generated as unital C-algebra by the matrix coeffi- 
cients of the two-dimensional representation Vi, which we denote by 
Note that a E A[l, I], /3 E A[l, -11, y E A[-1, l] and 6 E A[-1, -11. The char- 
acterizing commutation relations are governed by the FRT relations (3.4) for 
a, b E {a, /3, y, S} and by the determinant relation 
(4.3) So! - q-l,& = 1A. 
Explicitly, the FRT commutation relations give the relations 
span&3 = w(m) n &, 4, 
the study of the matrix coefficients tg relates to harmonic analysis on the 
SL(2; C) quantum group A with respect to T. Considering the tz 
(r,s= -m,2-m,... , m - 2, m) as the matrix coefficients of a finite dimen- 
sional A-corepresentation, the study of the tfTj relates to harmonic analysis on A 
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with respect to the standard quantum analogue of the Cartan subalgebra of 
sl(2; a=). 
A first example relating basic hypergeometric series to harmonic analysis on 
quantum groups is the expression of the coefficients ~E(Y, s E {-m, 2 - m, . , 
m - 2, m}) in terms of little q-Jacobi polynomials, see [27], [16] and [22]. As a 
special case we recall the formula for the matrix coefficients t; with integers 
I, s, m having the same parity and satisfying -m < r 5 s 5 --Y 5 m, given by 
for some explicit nonzero constant CE. Here 
Ql,...,G,l 
v+l@r ( bl,. ,b, ;q7z > = m=O (q;q)&;q), . . . (b,;q) z”7 2 (al;q);“(a,+l;q), m 
with (a; q), = nlEil(l - aqj) (m E & u {cQ}) the q-shifted factorial, is the - 
v+t$v basic hypergeometric series, see [lo]. The element pr is an algebraic gen- 
erator of the unital @-subalgebra A[O, 0] of A, and it is “quasi-central” in A (it 
quasi-commutes with the four generators QI, p, y and s>. The quasi-centrality 
can be best reformulated in dynamical terms: q”ffi,Fy is a central element of the 
trivial dynamical quantum group A’, cf. Remark 3.14. 
4.2. The SL(2) dynamical quantum group 
The four-tuple (U, A, (.; .), T) as constructed in 54.1 does not quite fit into the 
formal algebraic setup of 53 since the abelian group T is not finite. The results 
and constructions of 43 though still hold true in the present setup by interpret- 
ing the action of the idempotents ?T~ (a E Z) on AK as the projection operators 
Furthermore it is convenient to replace the role of the function algebra F in 53 
by the field F of meromorphic functions on C and accordingly we take 
K=F@F. 
Besides this formal extension of the setup of $3, we also need to work with a 
suitable completion of the algebra U K, which we do not specify here in detail. 
All explicit formulas given below will have an obvious, functional calculus type 
meaning when acting on AK via the left or right regular action on A. In partic- 
ular, all infinite sums below become finite when acting on A since both e E U 
and f E U act locally nilpotently on AK. 
The upshot is that all universal expressions and universal identities in (a 
suitable completions of) UK given below should be interpreted within 
EndK(AK) through the representation maps of the left and right regular UK- 
action on AK, and as such the results of $3 hold true. 
Babelon [2], see also [3, $21 and [20,§7], considered the element 
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(4.4 
x(X) = 2 (-++m qP-1+21m-2m(l - q2)lfrn @-l)‘(e&l)” 
l,m=O 4 ( 2xx2)[ (q2; q2)1(q2; q2>, 
The element x(X) is directly related to Rosengren’s [26, Prop. 3.31 group element 
UA, by 
x(X) = ( Uq-“-l,q-“-‘)+, 
where we identify 44, K*, X+, X- in [26] with q, k*‘, e,f respectively, and where i 
is the K-linear antiinvolution of UK defined by 
(k*‘)+ =I k*l, ,+ = -qif, j-t = -q-te. 
Thus [26, Prop. 3.51 implies that x(X) is invertible (as element of EndK(AK)) 
with inverse given by 
(4.5) 
. cc 
Babelon [2], see also [3], observed that x(X) is a vertex-IRF transformation with 
respect to T. The corresponding dynamical twistj,(X), cf. [3, $11, is directly re- 
lated to the universal fusion matrix for U, see [8] and [20]. The explicit expres- 
sions forj.JA) and j;’ (A), regarded as elements of EndK(&)” through the left 
and right regular representation of UK, are 
1 21x+212-41 
jx(X) = F(l _ q2)21 (-l) ‘- 
’ 
(4.6) 
I=0 (42; q2)1 
k-‘f’ ’ (q:(,-l-“:k-4; q2)l k-31e’ 
j;l(X) = T(l - q2)2' ' 
I=0 
k-lf" @ ,,,,k!,; q2), k-3"e' ' 
see [3, $21 and [20, 571. 
The corresponding universal dynamical R-matrix &(A), acting on the rep- 
resentation space K@ Vt @ VI, can be computed explicitly using (2.9) and 
(4.2). With respect to the ordered basis { v[ 8 vi, v[ 8 v’t, vi, B vi, v’t 8 $t} it 
is given by 
(4.7) W~)I... = 4 
l 0 4 qw+l)-l 0 1
q-2(x+l)_1 
o q-‘-q 
(q-2(x+‘)-1)2 4 -1 0-4 
(q-2o+')-  42)(q-2(x+‘)Lq-2) 
0 . 
4 i 
The dynamical quantum group A& can now directly be related to Koelink’s and 
Rosengren’s [15, Def. 2.41 trigonometric SL(2; C) dynamical quantum group as 
follows. Observe that the dynamical quantum group AjX is generated as unital 
algebra by pi(F), hr(F) and the matrix coefficients (u, /?, y, S of the two-dimen- 
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sional U-representation VI. By abuse of notation we denotef(X) and g(p) for 
the elements plcf) and p,(g) in AjX. The defining commutation relations (with 
multiplication denoted by o to distinguish it from the multiplication in AK), are 
f(A) O &CL) = g(P) of(% 
f(x)oa=Qof(X+l), f(4 O P = P of(A + 11, 
f(4 O Y = Y 0.0x - 11, f(A) 0 6 = 6 of(A - l), 
f(P) O a!= a! Of(P + 11, f(P) O P = P0.G - 11, 
f(P) O Y = Y Of(P + 111 f(P) O 6 = f5 0.h - 111 
the dynamical FRT commutation relations for Q, p, y and 6 (see Proposition 
3.10), and finally the dynamical determinant identity 
which is simply the determinant identity (4.3) rewritten in terms of thej,-twis- 
ted dynamical multiplication Ax. The dynamical FRT commutation relations 
can be expressed in the familiar form 
c 
Ly’p 0 L,, o $(A) = c L, 0 Lqy 0 R;;(P) 
Y>Y’ Y>Y’ 
with the indices from {f l}, where the L,c~ are given by 
Ll,l = a, b-1 = P, L-l,1 = Y, L-l-1 = s, 
and with the coefficients R$, (A) defined by 
The equivalence with the SL(2; C) dynamical quantum group of Koelink and 
Rosengren [15] now follows by identifying the generators cf(X),g(p), Q; /3, y, 6) 
in [15, Def. 2.41 with (f(-X - 2),g(-p - 2), S, y, p, o). 
Harmonic analysis on the dynamical quantum group .4jx with respect to the 
standard quantum analogue of the Cartan subalgebra of sZ(2; C) still amounts 
to the study of the matrix coefficients t:, now viewed as matrix coefficients of a 
tempered corepresentation of the dynamical quantum group AjX (see [15, 531). 
In analogy with the harmonic analysis of the ordinary quantum group A, we 
now express the matrix coefficient t: E W(m) n AK[r; s] in terms of a central 
element E E AjX which, together with pi(F) and pr(F), generate AK[O, 0] as 
unital C-algebra. The element E is given explicitly by 
(4.8) - _ g-x+P+’ + &/“-’ - $+l”+yl - p) (1 - qG”+2)) o p o y, z- 
see [15, Lem. 3.31. The matrix coefficient tff for integers r, s, m having the same 
parity and satisfying -m 5 r 5 s 5 -r < m is then given by 
(4.9) t; = CZ(& p) o s”=y o ,yy o py(g &P”+‘; p+wr+s, +-l-r-s, $+PLf3; $) 
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for some explicit nonzero meromorphic function CE(X, p), with pn the Askey- 
Wilson polynomial of degree n, 
p& + z-l; a,b,c,d;q) =4$3 q 
+, abcdq”-‘, az, az-’ 
ab, ac, ad ;4,4 3 > 
see [15, Thm. 3.51. Here we used the notation s”” = S o . . . o S (m times) and 
similarly for y. The polynomial expression in s” ’ m formula (4.9) has the obvious 
interpretation as element in the commutative subalgebra AK[O, 0] of the dyna- 
mical quantum group Ajx. 
4.3. The alternative realization A” 
We define a Cartan type element X(X) E UF, and a twisted primitive element 
y(x) E UF, by 
X(X) = 
q-X-‘(P - 1) + qx+‘(P - 1) 
4-4-l 
> 
Y(X) =fl-ek+ 
( 
q 
-X-l + qx’l 
4-4-l > 
(k2 - 1). 
The twisted primitive element Y(X) was introduced by Koornwinder [18] as an 
one-parameter family of quantum analogues of Lie-algebra generators for 
nonstandard Cartan subalgebras of s1(2; Cc). 
A key property of the vertex-IRF transformation x(X) (see (4.4)), proven by 
Rosengren [26], is the fact that 
(4.10) x(X) Y(X) x-l (A) = X(X) 
viewed as identity in EndK(AK) via the left or right regular representation of 
UK, see [26, (4.8)]. 
We now study the dynamical quantum group A” using the T-Hopf algebroid 
isomorphism & : A” --t kx, 
&(a) = x(p) a. ~~‘(4, a E An, 
see Theorem 3.16. As observed in 53.5, the bigrading of A” is nontrivial, but the 
other T-Hopf algebroid structures have the same untwisted form as the T-Hopf 
algebroid structures of the trivial dynamical quantum group A’. Thus an ex- 
plicit description of the bigraded pieces Af$ completely clarifies the T-Hopf 
algebroid structure of AX. 
Proposition 4.1. Denote 
z&(X) = q 
-A-’ (q-Q - 1) + qx+1 (q” - 1) E F 
4 - 4-l 
for a E Z Then 
AX,, = {a E AK 1 Y(p) . a = up(p a. Y(X) = v,(x)a} 
Proof. This follows from (4.10) and the observation that 
A+, PI = {a E AK / X(p) . a = q?(l.L)a, a. X(X) = v,(A)a}. q 
DenoteformEZ2sandr,sE{-m,2-m,...,m-2,m}, 
u~(X, I*) = c#q’(t~) = x-‘(p) t;; x(X), 
then W~(yy1) n AfS is an one-dimensional K-subspace of AX, spanned by 
uE(X, p). Harmonic analysis on A with respect to Koornwinder’s twisted 
primitive elements precisely amounts to the study of the matrix coefficients 
uE(X, p). Thus the isomorphism & yields the equivalence between harmonic 
analysis on AjX with respect to the standard quantum Cartan subalgebra in [15], 
and the harmonic analysis on A with respect to Koornwinder’s twisted prim- 
itive elements as studied in [lS], [25], [12]. 
To be more concrete, we end this article by translating the results of the pre- 
vious subsection to the twisted primitive picture and linking it to the results in 
[18], [25], [12], [13] and [14]. The generators 
4-h PL) = a;,, (4 P) = x-l CPU) a! . x(X), 
PC& PL) = 4-l (4 PL) = x-l (PI . P x(X), 
Y(A /Q) = d,,, (A PL) = x-l (PI Y 44, 
6(X; p) = a!,.-, (A p) = x-l(p) 6 x(A) 
of A” can be rewritten in terms of the standard generators a, /3, y and S of AK by 
44 P) = (1 _ q!2(w+l)) (a + q-l”+ - q-x+ - q-A-fi-26)) 
(1 - r2’1) 
PC& PI = (1 _ q-2(p+l)) (4 
-& 
2Q + P - 4-x-‘L-3Y - eq, 
(4.11) 
Y(A PL) = (’ _ qp’(b+;) (1 _ q-2x) (-4PiQ - Pp-V + Y + q--/L-q> 
(1 - q-2fi) 
6(X> P) = (1 _ q-2x) (1 _ q-2(p+1’) (-ei”-2a - q+fp + q-fi-:y + s). 
These expressions are easily derived using the explicit expression (4.4) for the 
vertex-IRF transformation x(X). Identifying the elements Q; p, y, S, A, B, C, D, 
q”, qT in [12] with 
a, q$, q-i,, S, k, q-b, qif, k-l, J--lq-‘-‘, J-lq-‘-I, 
the elements (4.11) correspond, up to K-normalization, to the elements 
k-’ . Q,,~, k-’ . pTg, k-’ 3/~,~ and k-’ S,;, of [12, Prop. 6.51. 
We denote p(AI p) = 4;‘(E) E AX, so 
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(4.12) p(X, p) = q-‘+p+’ + qx-p-l - qx+p+2(1 - q-2x) (1 - q-2(~+2))p(x - 1, I+ + 1)$x, p). 
By a direct computation using (4.11) the element p(X, PI) can be explicitly rep- 
resented as a quadratic expression in o, /I, y and 6. Identifying the generators of 
[12] with ours as indicated above, p(X, p) equals 2k-’ P~,~, with Q~,~ the element 
as defined in [12, Thm. 5.11 (it was initially written down explicitly in [18]). The 
pre-image under & of the expression (4.9) for integers Y, S, m having the same 
parity and satisfying -m 5 Y 5 s 5 -r < m yields 
-8-l 
x n ,(~+;-;+l+j,,-;+g-l-j) 
j=O 
for some non-zero meromorphic function Dc(X, p), where JJ{=, bi with bi E AK 
equals 1~ when j < 0 and equals bobI . . . bj when j 2 0. This formula is in ac- 
cordance with the expressions derived by Koornwinder [18] (in case Y = s = 0 
and m even), and by Noumi, Mimachi [25] and Koelink [12] for arbitrary r, S, m, 
compare for instance with the expressions in [12, Cor. 7.8(i)] and [12, Cor. 6.81. 
The above dynamical quantum group interpretation of the harmonic analy- 
sis with respect to twisted primitive elements leads to natural interpretations 
and new proofs of several other known facts. For instance, [14, Rem 3.51 can be 
reinterpreted as the direct derivation of some of the dynamical FRT commu- 
tation relations between Q(X, IL), p(X, CL), y(X, p) and S(X, h-c> in A”. The state- 
ment [12, Prop. 6.51 amounts to a reformulation of the fact that A” = @,.&$ 
defines a bigrading with respect to the untwisted dynamical multiplication mx. 
The factorized form (4.12) of p(X, p) is precisely [13, Prop. 4.1.71, [14, Prop. 3.31. 
The centrality of p(X, p) in the dynamical quantum group A” is [13, Cor. 4.1.81, 
[14, Cor. 3.41. The interpretation of the t”, as a matrix corepresentation of the 
dynamical quantum group AX, 
implies via the isomorphism & : AX + & that the aE(X, p) define a matrix 
corepresentation of the dynamical quantum group AX, 
The latter formulas directly relate to [ 13, Prop. 6.1.11. 
Note added in proof. An important step towards recognizing the dynamical 
quantum group structure in the harmonic analytic interpretation of Askey- 
Wilson polynomials on the quantum group A = A,[SL(2)] is the reinterpreta- 
tion of some of the Askey-Wilson parameters as formal variables interacting in 
a nontrivial (dynamical) way with the algebraic generators of A. As Professor 
Noumi kindly pointed out to me at the workshop, similar reinterpretations of 
parameter freedoms were exploited in the paper 
Noumi, M. and K. Mimachi, - Spherical functions on a family of quantum 3- 
spheres. Composito Math. 83, pp. 19-41 (1992) 
to obtain the harmonic analytical interpretation of big q-Jacobi polynomials 
on quantum 3-spheres. 
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